We prove weighted LP-L q estimates for the maximal operators M a , given by M a f = sup \t a nt * / | , where fit denotes the normalised surface measure on the sphere of oo centre 0 and radius t in R d . The techniques used involve interpolation and the Mellin transform. To do this, we also prove weighted IP-IP estimates for the operators of convolution with the kernels |-|~a~"'.
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WEIGHTED ESTIMATES FOR FRACTIONAL MAXIMAL FUNCTIONS RELATED TO SPHERICAL MEANS
whenever this makes sense. Unweighted estimates for this operator were proved by Oberlin [11] .
One of the reasons why we are concerned with these estimates is the following. We know that fx t is .//-improving, that is, for some (and hence all) p in (l,oo), there exists q in (p, oo) and a constant C Pi?>( such that Take / in L", where d/(d -1) < p < oo. The facts that /x t • / -> 0 in L q as t -> oo and that Stein's spherical maximal function Mf = sup \fi t * f\ is in IP allow us to conclude t>o that fj. t *f->0 pointwise as t -> oo. It is now reasonable to ask how fast this convergence is. One corollary of our work is that M a f is in L 9 , so that the pointwise convergence is faster than t~e for any /3 in (0, a).
We recall in Section 2 a few well-known results about the Muckenhoupt weight space A p , and then in Section 3, we first review and then improve the known IP-IP estimates involving A p weights for the spherical maximal function. In Section 4, we prove some weighted estimates for the convolution kernels |-|~Q~"\ where 0 < a < d and 77 is real. Finally, we discuss the weighted LP-L q estimates for the fractional maximal functions related to spherical means in Section 5.
Constants will usually be denoted by C and e; the former constants may be very large, and the latter very small. These "constants" may vary from one occurrence to the next. However, they are always positive. This operator was considered by Sawyer [13, 14] . Observe that M° is the well-known maximal operator of Hardy and Littlewood [7] . It was shown by Muckenhoupt [9] [6, 8, 10] . We shall prove families of weighted inequalities of the form and , v / e L"(v"">) [4] for all u in A* and v in A\. The first of these inequalities holds for weights of the form (uiU2~r) 7 and the second holds for weights of the form {viV2~s) s , where ui, it2> ^1 and V2 are in A t . If, say, 7 < 5 and j(r -1) ^ S(s -1), then the second inequality is stronger than the first. On the other hand, if, say, 7 > 6 and 7(r -1) < 5(s -1), then the inequalities are incomparable. It would be interesting to know whether there is a simple way to unify two such incomparable inequalities. Clearly, if the two inequalities above hold, then interpolation gives a range of intermediate results. The inequalities also hold for a weight which is the maximum of weights in A? and A s s .
T H E SPHERICAL MAXIMAL FUNCTION
In this section, we first review and then improve the known results involving A p weights for the spherical maximal operator on weighted V spaces. [3] and Gunawan [4] showed that similar estimates hold for more general weights. In particular, when d/(d -1) < p ^ 2, the inequality
R E V I E
holds for all w in AJ when 7 < (d -p')/d (see [3, 4] ) and for all w in A\ when [3] ). Since if w e A p , then w 1+e G A p for some positive e, the same results actually hold when 7
. These imply that (3.1) holds when w -\-\ a and
For power weights |-|°, Duoandikoetxea and Vega [3] showed that (3.1) holds when
this result is sharp except perhaps when a = 1 -d. It is apparent that the results for general A v weights are not strong enough to imply this result.
N E W IP-IP ESTIMATES.
A S observed in [5] , estimate (3.1) may be proved using interpolation. We shall generalise the method of [5] The proof then consists of choosing the interpolation parameters appropriately. Indeed, to obtain a weighted inequality for a given p in (l,oo), we must choose nonnegative 0 x and 0 3 such that (^) and O < ( U3 \p [6] The first of these three conditions allows us to choose 0 2 to be 1 -6\ -0 3 , while the second ensures that the final result holds for Mo, and the third means that we can find q in ( where 63 > (d -2)<5i/2, and take 6 2 to be 1 -^ -63. If 61 and S 3 are small enough, then 1 < q < 00, and also
Now interpolate between the estimates Before we consider weighted V-V estimates, we remind the reader that, for £ and 77 in R, e'W/»|r^ + iq)|^r^
' {2n)
as \r}\ -> 00 (see, for example, [18, p. 151] ). Since F is meromorphic, with simple poles at 0, -1, -2, . . . , it follows that, given a, 6, and c in R, there exist constants C\ and C? such that for all 77 in R, where E = ds r y/2t. [10] P R O O F : Fix t and 7, and hence s, as enunciated, so that s > 1, and take w in A 3 . Let 6 be s-y/t; then 0 < 0 < 1.
On the one hand, by Fourier analysis,
On the other hand, as shown in [4] , for all small positive 5 there exists a constant C such that, for all 77 in R,
Complex interpolation shows that
which is the required result, except that the exponent of (l + |7?|) is a little too big. Gunawan and Wright have recently shown that the term 6 is not necessary in any of the above inequalities-details will appear elsewhere. However, this improved estimate is still not as strong as possible. We interpolate between the estimates (4.4) and (4. It is now a question of sorting out which t is compatible with a given p and q to obtain the result. We leave the details to the reader. D
W E I G H T E D LP-L" ESTIMATES FOR M a
. We now present an approach to the maximal estimates for M a , based on the calculations for the homogeneous kernels l-l" 0 ""* and the use of the Mellin transform. See, for example, [2] or [4] for similar applications of the method. PROOF: We first outline the Mellin transform method, and then apply it to the case in hand.
Using the Mellin transform, we may write formally where w d _i is the area of the unit sphere. Indeed, for u:
where a is surface measure on the sphere. Then, Figure 1 ). We may interpolate once again to obtain nontrivial weighted ZAL« estimates for M a when p < q < (d -l)p and q ^ d (corresponding to the lower triangle in Figure 1) ; this method also improves some of our estimates in the upper triangle.
[14] For given p, q and 7, there are two questions to be answered: Does there exist 9 in (0,1) such that inequalities (4.6) and (4.7) both hold? And if so, what is the optimal A Sg for the weight w in (4.8)?
We need to be able to choose 0 such that 
